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Abstract. It is often the case that a Selmer group of an abelian variety and a group related 
to an ideal class group can both be naturally embedded into the same cohomology group. 
One hopes to compute one from the other by finding how close each is to their intersection. 
In this paper we compute the two groups and their intersection explicitly in the local case 
and put together the local information to get sharp upper bounds in the global case. The 
techniques in this paper can be used for arbitrary abelian varieties, isogenies and number 
fields assuming a frequently occurring condition. Several examples are worked out for the 
Jacobians of elliptic and hyperelliptic curves. 

1 Introduction 

It has been known for some time that a Selmer group of an abelian variety and a group 
related to an ideal class group can often be embedded into the same cohomology group. 
Ideally, the images of the two groups are almost the same and we can compute one from the 
other. In order to do this we need to find how close the intersection is to each of the groups. 
In the past, this has been done for special cases of elliptic curves and with the Jacobians of 
Fermat curves. Using techniques from Galois cohomology, we will see that we can do this in 
much greater generality. 

Let A and A' be abelian varieties of the same dimension g, defined over K, an algebraic 
number field, and let 0 be a A'-defined isogeny from A onto A' (see Cornell and Silverman 
[6], Lang [12] or Mumford [18] as general references on abelian varieties and Silverman [27] 
for elliptic curves). The field L, which is the minimal field of definition of the points in 
A [</>], the kernel of 0, is Galois over K. If i/ 1 (Gal(A/A'), A [</>]) is trivial, then the Selmer 
group S^(K,A) can be embedded into the group Hom G( x/^)(Gal(A/A), A[</>]) (see section 2 
for a description of these objects). Consider the subgroup of the homomorphism group of 
homomorphisms that factor through the Galois group of a totally unramified extension of L; 
call this group C^(K, A). From class field theory, this group is related to the ideal class group 
of L. Denote by /^(AT, A) the intersection of the group C^(K, A) and the Selmer group. We 
would like to compute S^(K, A)/I^(K, A) and C^(K, A)/I^(K, A) as accurately as possible 
so as to relate the groups S^(K, A) and C^(K, A). We do this with local computations. 
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of this paper and for suggesting the proofs of lemma 5.1 and theorem 5.3. I also thank Bas Edixhoven, 
Everett Howe, and Joseph Wetherell for their helpful advice. I also thank Kestutis Cesnavicius for pointing 
out an error in the published article - it has been fixed in this version. 
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Let p be a prime of K and K p be the completion of K at that prime. Denote by 
S^(K p , A) the group A'(K p )/(j)A(K p ). We shall assume that H l (G , A[(j)]) is trivial for all G C 
Gal (L/K). This condition occurs frequently and we will see some examples in sections 5. Un¬ 
der this assumption we can embed S^(K p , A) into the group B.om G ^ L K p /K p )(Gal(LK p /LK P ), Y[0]). 
Let C^(K p ,A) be the subgroup of the homomorphism group of homomorphisms that fac¬ 
tor through the Galois group of an unramified extension of LK P . Denote by I^(K p , A) the 
intersection of the groups C^(K P ,A) and S^(K p ,A). 

Under the assumptions that H l (G, A[(j)\) = H 2 (G,A[(f)]) = 0 for all G C Gal (L/K)-, we 
have the following injections of groups 

S*(K,A)/I*(K,A) ^ n S*(K r ,A)/I*(K p ,A) 

P 

C+{K,A)/I*(K,A) RC*(K P ,A)/I*{K P ,A) 

p 

where p ranges over the primes of K. We will show in section 4 that for each finite prime 
p of K that does not divide the conductor of A or the degree of 4>, the groups S^(K P ,A), 
I^(K P ,A), C^(K P ,A) and A(K p )[<f>] are isomorphic. 

We will also see along the way that the orders of the groups S^(K p , A), C^(K P , A), and 
I^(K P , A) can often be easily computed. Computing the sizes of S^(K P , A) and C^(K P , A) 
is standard. The substantial contribution here is the computation of I^(K P ,A) where p is 
a finite prime that divides the conductor of A. This is the computation that has caused 
others trouble in the past. For elliptic curves, these computations are greatly facilitated by 
the algorithm of Tate [28]. These injections then give us upper bounds on the index of the 
group I^(K,A) in the Sclrner group and the group related to the ideal class group. We are 
most interested when the intersection is close to each of the groups, because then we can 
often compute one group from the other or at least bound the size of one given the size of 
the other. 

Selrner groups hold key information about the group of rational points of an abelian 
variety over an algebraic number held, known as the Mordell-Weil group. Since neither 
Mordcll-Weil groups nor class groups are well understood currently, any connection between 
them is helpful. On the lighter side, part of the lore of number theory is that high-rank 
elliptic curves can produce record-breaking class groups. The practicalities of this were first 
worked out by Mestre [15]. Several papers have appeared recently where techniques were 
presented for computing one of these groups from the other. Eisenbeis, Frey and Ommerborn 
[7] studied elliptic curves of the form Y 2 = X 3 + k over Q with the multiplication by 2 map 
(from now on the 2-map) and the 2-rank of the class groups of pure cubic fields. The 
same curves have a rational 3-isogeny, and Satge [22] studied these and the 3-rank of the 
class groups of quadratic fields. Washington [30] studied the 2-map for curves of the form 
Y 2 = vY 3 + mX 2 — (m + 3)Y" + 1 over Q and the 2-rank of the class groups of the simplest 
cubic fields (see Cohn [5] or Shanks [26]). Brurner and Kramer [4] produced techniques for 
computing the connection in a more general domain. They studied the 2-map and cubic 
extensions for elliptic curves, defined over number fields that are unramified over Q at 2, at 
primes of good or multiplicative reduction. McCallum [14] has studied the Jacobians of the 
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pth Fermat curves and quotients of Fermat curves using p-isogenies and the p-part of the 
class group of Q(( p )- 

In the following we produce techniques that work in far greater generality. In section 2 
we give a global description of the Selrner group and the group related to an ideal class 
group. In section 3 we present results that are useful for computing these groups and their 
intersection over local fields. In section 4 we put these local results together to prove a 
theorem giving upper bounds for the index of the global intersection in the Selrner group 
and in the group related to an ideal class group. In section 5 we closely analyze the 2-map. 
We will first give criteria for the cohomological triviality of J[ 2] as a Gal(L//l)-modulc 
where J is the Jacobian of a hyperclliptic curve. When J[ 2] is cohomologically trivial we can 
relate C 2 (K, J) to the 2-parts of the class groups of a collection of subfields of L. We finish 
this section by presenting three examples. In the first example we show how to use a curve 
of Mestre’s to produce a non-cyclic cubic extension of the rationals whose class group has 
2-rank at least 13. Then we look at the Jacobian of a hyperclliptic curve whose 2-torsion is 
defined over a simplest quintic held and whose Mordell-Weil rank over the rationals is 6 or 
7. Lastly, we see that the group related to the ideal class group is not always contained in 
the Selrner group as it seems to be in all published examples. 

2 Selrner groups and class groups 

Let K be a number held; this shall always mean that K is a finite extension of Q. Let A 
and A' be abelian varieties defined over K of the same dimension g and let 0 be a ib-defined 
isogeny of A onto A'. Let Gal(ib/ib) denote the absolute Galois group of K. By taking 
Gal(ib/ib)-invariants of the groups in the short exact sequence 

0 A[4>] ->• A(K ) 4 A\K) 0 

we obtain the following long exact sequence. The symbol [0] after a group denotes its 
subgroup sent to 0 by 0, and the expression H l (K, M ) denotes H l (Qal(K / K), M) for some 
Gal(ib/ib)-module M. 

0 A(A')[0] -»• A(K) 4 A'(K) H\K, A[<f>)) H\K, A(K )) 4 ... 

This gives us the short exact sequence 

0 A'{K)/4>A{K) H\K,A[(j)\) H\K, A(K))[<j>\ -)• 0. 

See Atiyah and Wall [2] as a reference on group cohomology. 

Let p be a prime of K, finite or infinite, and K p be the completion of K at the prime p. 
For each prime p of K we obtain similar short exact sequences 

0 -»• A[0] -)■ A(K P ) 4 A'(K P ) -)■ 0 

and 

0 -)■ A 1 (K p )/(j)A(K p ) -)■ H\K P , A[<j>\) -)■ H\K P , A(TQ)[(j>] -)■ 0. 
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Since the group Ga l(K p /K p ) is isomorphic to a decomposition group for p in Gal (K/K), 
we can restrict cocycles in Ga \(K/K) to cocycles in Gal (K p /K p ). This induces the restriction 
map 

H\K,A[4>])^H\K P ,A[4>]). 

We present the following commutative diagram in order to define the d-Selmer group for 
A over K 

0 -»• A'(K)/(f>A(K) ->■ H\K,A[(j)\) ->■ H\K, A(K))[(j)\ -> 0 

I I \/3 I 

o -» n a'(k p )/<i>a(k p ) uh\k p ,a(k p )m o 

p p p 

where p ranges over the primes of K. The d-Selmer group for A over K is the kernel of f3 
and is denoted S^(K,A). The Selmer group clearly contains A'(K)/(j)A(K). 

The group of rational points A(K), is often called the Mordell-Weil group; it is a finitely 
generated abelian group. Since the torsion of an abelian variety is computeable, one could 
find the free Z-rank of A(K) if one could compute the group A(K)/nA(K) for some integer 
n greater than 1. So one often takes (f) to be a multiplication by n map. If 0 is a map from 
A to A' and (f)' is a map from A' to A with the property that (j)' o (j) = [n] then the following 
is an exact sequence of groups 

A'{Km , A’(K) € A(K) A(K) 

(f>(A(K)[ri\) <t>A{K) nA(K) 4VA'{K) 

If one could compute A'(K) / <f>A(K) and A(K) / 4>'A'(K), then one could compute 
A(K)/nA(K). There is no known algorithm to effectively compute the group A'(K) / <f)A(K) 
however. A Selmer group is the closest known approximation to A f (K)/4>A(K) that is effec¬ 
tively computable, which is why they were originally of interest. 

The held L , which is the minimal held of definition of the points in A[4>], is Galois over K. 
Restricting cocycles in H l (K, A[(f>]) to the subgroup Gal(L/L) induces the following exact 
sequence of groups, called an inhation-restriction sequence 

0 H\Gal{L/K),A[<f>]) -> H\K,A[(j)\) Hom G(L/Ar) (Gal (L/L),A[<f>]) 

where Yiora.G(L/K) denotes the Gal(L//l )-invariant homomorphisms. Assuming that 
H l (Qdl(L/K), A[4>\) is trivial, we have 

H\K,A[4>}) ^ Hom G(W (Gal(L/L),A[(/»]). 

We also assume that ih 1 (G, A[</>]) and H 2 (G,A[(p]) are trivial for all groups G contained in 
Ga l(L/K), so for each prime p of K we also have 

H\K p ,A[<j>\) Rom G{LKp /K p )(Ga\(IJr p /LK p ),A[4>}). 

Let m be the exponent of A[0] and let C1(L) denote the ideal class group of L. From 
class held theory, the dual of the group Cl(L)/Cl(L) ,n is naturally isomorphic to the group 
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Hom(Gal(i7(L)/L), Z/mZ) where i/(L) is the maximal unramified abelian extension of L, 
its Hilbert class field. The group C^(K, A) is the subgroup of Hom G ( i /x)(Gal (L/L), A[<f\) of 
homomorphisms that factor through the Galois group of a totally unramified extension of L. 
This subgroup is isomorphic to the group Hom G ( iGG) (Gal (H(L)/L), A[0]) and so it is related 
to the group Cl(L)/Cl(L) m . We will describe this relation for the 2-map and the Jacobians 
of hyperelliptic curves in theorem 5.3. We will call any homomorphism that factors through 
the Galois group of a totally unramified extension an unramified homomorphism. 

The group S^(K, A) is the group of all elements of Hom G( x/£;)(Gal(L/L), A[0]) that map 
to the image of A'(K p )/(j)A(K p ) for all primes p of K. The group C^(K,A) is the group of 
all elements that map to unramified homomorphisms in Hom G (£x p /Ay)(Gal(LA'p/LA'p), A[<f\) 
for all primes p of K since L is normal over K. These groups are the same locally for almost 
all primes, as we will see in the next section. 

3 Local computations 

In this section we describe the group A'(K p )/(pA(K p ), the group of unramified homomor¬ 
phisms in ¥Lom G ^LK p /K p )(Gal(LK p / LK P ), A[(p]) and the subgroup of A'(K p )/(f>A(K p ) that 
maps to unramified homomorphisms. If H l (G,A[<f>\) = 0 for all G C Gal (L/K) then these 
are the groups S^(K P ,A), C^(K P ,A) and I^(K P ,A). However, we will lift the restriction 
that H 1 (G, A[<p\) = 0 for all G C Gal (L/K) until we discuss infinite primes. Since all com¬ 
putations will be local, and subscripts are annoying, we will omit them. We deal with finite 
primes first. 

Let A and A' be abelian varieties of the same dimension g defined over K , the completion 
of a number field at a finite prime with residue characteristic p. Let f be an isogeny from A 
onto A' that is defined over K. Again define L to be the field K(A[(f>]). 

From the short exact sequence 

0 -)• A[<j>\ -+ A -> A' -> 0 

we obtain the following injection of groups by taking Gal(/l /K)- invariants 

A'(K)/<1,(A(K)) ^ H'(K,A{4,]). 

From the restriction map from cohomology there is a homomorphism 

H\K,A[(t>]) -> Hom G(W (Gal(L/L), A[(j>]). 

We are first interested in describing the group of unramified homomorphisms in 
Hom G (£/#)(Gal(L/L), A[4>]) and the subgroup of A'(K)/<f>A(K) that maps to those unram¬ 
ified homomorphisms. 

Lemma 3.1 The subgroup of unramified homomorphisms in Hom G ( L /^)(Gal (L/L), A[4>]) is 
isomorphic to the group A(K)[cf>]. 
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Proof: Let L unr be the maximal unramified extension of L in the given algebraic clo¬ 

sure. The group Hom(Gal(L unr /L), A[(f)]) is isomorphic to the group A[fi\ by the map 
/ i —y /(Frobk). This map respects the Gal(L/Jl )-action on each module. Taking Gal [L/K)~ 
invariants of both groups provides the result. S 

Now let us consider the subgroup of A'(K) / <j>A(K) that maps to unramified homomor- 
phisms. We still need not assume that H l (G, A[fi]) = 0 for G C Gal (L/K). The connecting 
homomorphism from cohomology sends P G A'(K) to the class of cocyclcs in H l (K , A[fi\) 
consisting of cocycles £ where £(cr) = aQ — Q for a G Gal (K/K) and Q G A where fiQ = P. 
The point P maps to an unramified homomorphism if and only if its inverse images under 
the map <f> are all defined over an unramified extension of L. Since L = K(A[cf>]), if one is 
defined over an unramified extension of L, then they all are. Let A(K)[(p] have exponent m. 
From the previous lemma, it is clear that if P maps to an unramified homomorphism, then 
these preimages will be defined over the unramified extension of L of degree m. 

Let L' be the maximal unramified subextension of L over K. Let M be the unramified 
extension of L' of degree m and let r generate Gal (M/K). The field ML is the unramified 
extension of L of degree m. 

unr 

ML / 

/ ^ M 

L \ / 

V 

/ 

K 

Lemma 3.2 Let the group H 1 ( y G&l(L/L'), A[(ft\) be trivial. Let Q G A(ML) and assume 
(j>Q = P, where P G A'(K). There exists a Q' G A(M) such that <pQ' = P. 

PROOF: Since H 1 (Gal(L/L'), A[(p]) is trivial, so is H 1 (Gal(ML/M),A[(j)\). So Lf 1 (M, A[(j)]) 
injects into iL 1 (ML, A[(f>]) and so A!(M) / ’(f>A(M) injects into A'{ML)/(j)A{ML). So if P is 
in (j)A(ML) then P is in <f>A(M). I 

Lemma 3.3 The elements of A(M)[(f>] are in the kernel of the norm from M to K. 

Proof: If T G A{M)[<jf\ then T G A(L')[(j)\. Since N L t/ k^A^L')[(()]) C A(K)[cj)\, it is clear 
that N m / k = m ■ Njj/ k on A(M)[(f>]. Since m is the exponent of A(K)[(j)\, all of A(M)[4>\ is 
in the kernel of N M / K . H 

Theorem 3.4 Let K be the completion of a number field at a finite prime and let be a 
K-defined isogeny from A to A', which are K-defined abelian varieties. Let L = K(A[(f>]) 
and let L' be the maximal unramified extension of K contained in L. Let m be the exponent 
of A(K)[(f>], and M be the unramified extension of L' of degree m and r generate Gal (M/K). 
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Assume that the group H fiGafiL/L'), A[fi]) is trivial. The subgroup of A'(K)/<f>A(K) that 
maps to unramified homomorphisms in Hom G ( L / A ')(Gal (L/L), A[(j)]) is isomorphic to the fol¬ 
lowing group 

A(M)[(f)\n{T-l)A(M) 

piMMl) 

by the map P (->■ tQ — Q where P G A\K), Q G A(M) and <f>Q = P. 

PROOF: We chose M to have degree m over L' so that ML is the unramified extension of 
L of degree m. A point P in A'(K) maps to the homomorphism a i —> (x(0 _ 1 (P)) — 0 _ 1 (P) in 
Hom(Gal(L/L), A[0]). A point P maps to an unramified homomorphism if the preimages, 
4>~ 1 (P), are defined over ML. From lemma 3.2, such a point has a preimage defined over 
M. Therefore the subgroup of A'(K) / <f>A(K) that maps to unramified homomorphisms is 
(<f>A(M) nA'(K))/(f)A(K). From the short exact sequence 


0 —>• A{M)[<j>] -> A(M) 4 <j>A{M) —>• 0 
we obtain the following exact sequence by taking Gal( M / K )-invariants 


0 -» {<f>A{M)GA'{K))/<j)A{K) —>• P^Gal {M/K), A{M)[<j>\) 4 H 1 (G&l(M/K), A(M)). 
Since Gal (M/K) is cyclic, generated by r, we have 


H 1 (G&l(M/K), A(M)[cf>]) ^ 


ker N T : A(M)[<f>] —>• A(M)[<f>] 
(t — 1)A(M)[4>] 


From lemma 3.3, all of A(M)[<f>] is in the kernel of the norm. The subgroup of A 1 (K)/fiA(K) 
that maps to unramified homomorphisms is isomorphic to the kernel of 7 by the map P hg 
tQ — Q where P G cf>A(M) D A'(K), Q G A(M) and <f>Q = P. The kernel of 7 is the 
group of elements that map to coboundaries in P 1 (Gal(M/A'), A(M)). So the kernel of 7 is 
isomorphic to 

A(M)[(f>\ fl (r — l)A(M) 

(r~ 1)(A(M) [</>]) 


Let us refer to this group as the intersection quotient. Because of the proof, the theorem 
holds when replacing M by any unramified extension of M. Notice that if all of A(M)[(f>] is 
contained in (r — 1 )(A(M)), then the intersection quotient has the same order as A(K)[<f>] 
and so has the same order as the group of unramified homomorphisms. 

Let us discuss the computation of the intersection quotient. The group A(M)[fi] and the 
action of r on it should be easy to find. So we need to find which elements of A{M)\<fi\ are 
in (r — 1 )(A(M)). The following two lemmas brings this problem from the infinite to the 
finite as the group A(M)/Aq(M) is finite. Let NA be the Neron model of A over O, the ring 
of integers in M. Define NA° to be the open subgroup scheme of NA whose generic fiber is 
isomorphic to A over M and whose special fiber is the identity component of the closed fiber 
of NA. The group NA 0 (O) is isomorphic to a subgroup of A(M) which we are denoting by 
A 0 (M); 
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Lemma 3.5 The groups H l (Ga\(M/K), A 0 (M )) are trivial for all i. 

PROOF: In [17], Milne shows that if W is the completion of a number held at a finite 

prime, then iP(Gal(kF unr /kF), M 0 (hF unr )) is trivial for all i > 1 where W unr is the maximal 
unramified extension of W in a given algebriac closure of W. Since the Neron model is stable 
under unramihed base extensions (see [1], p. 214), we know that since M is an unramified 
extension of K , that the set of Gal (K' mr / M ) - invariants of AfiK am ) is A 0 (M). This is not 
necessarily the case otherwise. Since M unr = A' unr , we have H l (Gal( K unr / M ), J 4 0 (A' unr )) = 0 
for all i > 1. From [2], proposition 5, it follows that the sequence 

0 -)• IP (Gal (M/K),A 0 (M)) H H i (Gal(K unr /K), A 0 (K uni )) ^ H i (Gal(K uni /M), A 0 (K unr )) 
is exact and we are done. H 

Lemma 3.6 A point T of A(M)\6] is in (r — 1 )(A(M)) if and only if the imaqe of T in 
A(M)/A 0 (M) is in (r - 1 )(A(M)/A 0 (M)). 

PROOF: We have the following short exact sequence of Gal(M//l)-modules 

0 -> A 0 (M) -> A(M) -> A(M)/A 0 (M) ->• 0. 

By taking Gal(M/K )-invariants, we see from lemma 3.5 that 

H l (Ga\(M/K), Aq(M)) is trivial for all i. So we have 

H\Ga\(M/K),A(M)) = H 1 (Ga\(M/K), A(M)/A 0 (M)). 

Since Gal(M / K) is cyclic, each of these groups is isomorphic to the kernel of the norm modulo 
the image of (r — 1) on the appropriate Galois-module. From lemma 3.3, the elements of 
A(M)[(f>] are in the kernel of the norm from M to K . The result follows from the fact that 
the image of T is trivial in one group if and only if it is trivial in the other. B 

We see that points in A(M)[(f>] (which equals A(L')[(f)]) that are in A 0 (M) are automati¬ 
cally in (r — 1)(A(M)). For points of A(M)[(f>] that are not in A 0 (M) one must determine 
which have images that are in (r — 1)(A(M) /Aq(M)). 

For elliptic curves, the possible groups E(M)/Eq(M) have been completely determined 
by the classification of Kodaira [11] and Neron [19]. If we take for E a minimal Weier- 
strass model, then the group E 0 (M ) is the subgroup of points of E(M) with non-singular 
reduction. In the following theorem we present an algorithm for determining if a point P in 
E(M)[(f>] with singular reduction is in (r — 1 )(E(M)). This is accomplished in conjunction 
with Tate’s algorithm [28]. We must first determine whether or not r acts non-trivially on 
E(M) / Eq(M). If it does, then in most cases it is simply a matter of determining whether 
or not 21# Gal (L' / K) or if the image of P in E(M)/E 0 (M) = TufiPL is even. 

Theorem 3.7 Let E be defined by a minimal Weierstrass equation over K and let <f> be a 
K-defined isogeny frorn E onto E'. Let L' = K(E[cf)]) D K unr , let M be a finite unramified 
extension of L' and r generate Gal (M/K). A point P in E(L')[<fi\ with singular reduction will 
be in (r — 1)(E(M)) in exactly the following cases. Otherwise it will not be in (r — l)(E(M)). 



1. E has type I v reduction (multiplicative) with v odd, t acts as — 1 on E(M)/E 0 (M ) and 
2\#Gsl(L'/K). 

2. E has type I v reduction with v even, r acts as —1 on E(M)/E 0 (M) and the image of 
P in E(M)/E 0 (M ) = ZjvZ is even. 

3. E has type IV or IV* reduction, r acts as —1 on E(M)/E 0 (M ) and 2|#Gal (L'/K). 

4■ E has type /* reduction with v odd, r acts as —1 on E(M)/E 0 (M ) and the image of 
P m E(M)/E 0 (M) = Z/4Z is 2. 

5. E has type I* reduction with v even (including v — 0), and either the action of 
t on E(M)/E 0 (M) has order 2 and fixes P modulo E 0 (M ) or the action of r on 
E(M)/E 0 (M) has order 3. 

PROOF: See Neron [19] or Tate [28] as a reference on the reduction types. Since E is 

given by a minimal Weierstrass equation, the points of non-singular reduction are the same 
as the points of E 0 . Let E have type I u reduction (multiplicative) over K. The group 
E ( K unr )/E 0 (K unr ) is isomorphic to the cyclic group of v components of the special fiber 
of the minimal regular projective 2-dimensional scheme £ whose generic fiber is isomorphic 
over K to E. The scheme £ is the minimal model for E as a curve, not as a group vari¬ 
ety. The minimal model for E as a group variety is the Neron minimal model (see [27], p. 
358). The components form a loop with each component crossing the two adjacent compo¬ 
nents. The group Gal (K unv / K) acts on the group of components and preserves its structure. 
Therefore, the group Gal (K unT / K) must act as ±1. When Gal (K unT /K) acts as +1, then 
E is said to have split multiplicative reduction over K and E(K)/Eq(K) = ZjvZ. When 
Gal(iL unr /iL) acts as —1, then E is said to have non-split multiplicative reduction over K 
and E(K)/Eq(K) = Z/2Z when v is even and E(K)/E 0 (K) is trivial when v is odd. If v 
is odd and E(K)/E 0 (K) ± 0 then E(K)/E 0 (K) = ZjvZ = E(M)/E 0 (M) and so r acts 
trivially on E(M)/E 0 (M). Therefore P cannot be in the image of r — 1 = 0. If v is odd 
and E(K)/Eq(K) = 0 but 2 does not divide # Gal (L'/K), then E(L')/E 0 (L') = 0 and so 
there is no P. When v is odd and E(K)/E 0 (K) = 0 and 2 divides ffGal(L'/K), we have 
E(L')/Eq(L') = ZjvZ. Since r acts as —1, r — 1 acts as multiplication by —2 and so all 
points of E(L') are in the image of r — 1. 

If u is even and E(K)/E 0 (K) ^ Z/2Z then E(K)/E 0 (K) ^ Z/uZ ^ E(M)/E 0 (M) and 
so t acts trivially on E(M)/Eq(M). If v = 2(mod4), E(K) / Eq(K) = Z/2Z and 2 does not 
divide # Gal (L'/K), then E{L')/Eq{U) = Z/2Z. If 2 does not divide ffGal (M/U) either 
then E(M)/E 0 (M) = Z/2Z and r acts trivially. Even if 2 divides # Gal (M/L r ) then the 
image of r — 1 will be points whose image in E(M)/Eq(M) = ZjvZ are even. The point 
P, being in E(L')/Eq(L') = Z/2Z, will have image ^v in Z/vZ which is odd so it is not in 
the image of r — 1. When 2 divides # Gal (L'/K), we have E(L') / E 0 (L') = ZjvZ. Since r 
acts as —1, the points whose images in E(L') / Eq(L') = ZjvZ are even are in the image of 
r — 1. If v = 0(mod4), E(K)jE 0 (K) = Z/2Z, and 2 does not divide #Gal (M/K), then 
E(M)/E 0 (M) = Z/2Z and r acts trivially. If 2 divides ffGal(MjK), but 2 does not divide 
ff Gal (L'/K), then E(L') / Eq(L') = Z/2Z and so 2 P has non-singular reduction. Notice that 
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since r — 1 acts as multiplication by —2, that P is in the image of r — 1. When 2 divides 
# Gal (L'/K), we have E(L')/E 0 (L') = Z/z/Z. Thus the elements of E(L')[<j>\ whose images 
in E(M)/E 0 (M) = Z/VZ are even are in the image of r — 1. 

Let E have type II or II* reduction. The group E(K unT )/E 0 (K unr ) is trivial so 
E(M)/E 0 (M) is also and so there could not be a P. Let E have type III or III* re¬ 
duction. The group E ( K unr )/E 0 (K unr ) is isomorphic to Z/2Z. Since the automorphism 
group of Z/2Z is trivial, we see that the action of r is trivial. 

Let E have type IV or IV* reduction. The group E(K unr )/E 0 (K unT ) is isomorphic to 
Z/3Z. The automorphism group of Z/3Z is isomorphic to Z/3Z*. If E(K)/E 0 (K ) ^ 0 then 
E(K)/E 0 (K) = E(M)/E 0 (M) and so r acts trivially. If E(K)/E 0 (K) = 0 and 2 does not 
divide # Ga \{L’/K) then there is no P. When E(K)/E 0 (K) = 0 and 2 divides # Gal(Z//ib) 
we have a P defined over L 1 and r — 1 acts as an automorphism on E(M)/Eq(M ) and so P 
is in the image of r — 1. 

Let E have type I* reduction. If v is odd then we have E(K unr )/E 0 (K unr ) = Z/4Z. 
The automorphism group of Z/4Z is isomorphic to Z/4Z*. Therefore E(K)/Eq(K) has 2 
or 4 elements. If E(K)/E 0 (K) = Z/4Z, then E(K)/Eq(K) = E(M)/Eq(M) and so r acts 
trivially. If E(K)/E 0 (K) = Z/2Z, then P G E(L')[(f)\ is in the image of r — 1 if 2 P has 
non-singular reduction and 2 divides # Gal(M/A'). 

If v is even, then we have E(K uni )/E 0 (K unr ) = Z/2Z x Z/2Z. When 
E(K) / Eq{K) = Z/2Z x Z/2Z, we have E(K)/Eq(K) = E(M) / Eq{M) and so r acts triv¬ 
ially. When E(K)/E 0 (K) = TijTL the action of Gal(iL unr /iL) on E(M)/E 0 (M ) has order 
2. Therefore, P could only be in the image of r — 1 if r fixes P modulo E 0 (M) and 2 divides 
#Gal (M/K). When E(K)/E 0 (K) = 0, the action of Gal(iL unr /iL) on E(M)/E 0 (M) has 
order 3. There will be no P unless 3 divides # Gal (L'/K). If that is the case, then r — 1 is 
an automorphism on E(M)/Eq(M) and so all points P of E(L') will be in the image of the 
map r — 1. I 

Using the algorithm of Tate, one can quickly determine the reduction type of E over K 
and compute the group E(K)/Eo(K). As we will see in examples in section 5.2, it is easy 
to determine the action of r on E(M)/Eq(M). So in practice, it is easy to determine which 
elements of E(M)[4>\ are in the image of the map r — 1 on E(M). So for elliptic curves, we 
have an algorithm for computing the size of the intersection quotient. 

Let us now compute the order of the group A'(K) / (f>A(K). Let O be the ring of integers 
in K. For i > 1 there is a natural homomorphism 

NA 0 (O) —>■ NA 0 (O/p i ) 

where we use p to denote the maximal ideal in O. The kernel of this homomorphism is 
often denoted NA l {0) and it is isomorphic to a subgroup of the group A 0 (K) which we shall 
denote by A^K). If p is the characteristic of the residue class held of K, then the group 
A\(K) is a pro-p-group which is isomorphic to the underlying group of a formal group (see 
[17], p. 56). 

There is some m such that for all n > m, the groups A n (K) and A' n {K) are isomorphic, as 
the underlying groups of formal groups, to the product of g copies of the additive group of O 
where g is the dimension of A and of A' (see [13]). As <fi is a /b-defined isogeny of algebraic 
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groups we can write 0 as a g-tuple of power series in ^-variables in some neighborhoods 
Ai(K) and A[(K) of the 0-points for some l > m. If k is in K, then let \k\ be its normalized 
absolute value, by which if re is a prime element of K and q is the order of the residue class 
held we have 17r| = q~ l . Let |0'(O)| be the normalized absolute value of the determinant of 
the Jacobian matrix of partials of f evaluated at the 0-point. The value of |0'(O)| does not 
depend on the choice of parameters. 

Lemma 3.8 The order of the group A'(K)/fA(K) is 

^'(O)l- 1 ■ #A(KM ■ #V(A')M' (K) 

#A(K)/A„(K) 


PROOF: From the snake lemma, we have the following commutative diagram 


0 ->■ A(K)[f] 

I I 

0 ->• Ai(K) -> A(K) 

if if 

0 -> A[(K) A\K) 

I I 


-> Ai(K)/fA t (K) A'(K)/fA(K) 


-)• H i 

I 

A(K)/A l (K) 
| f 

A'(K)/A[(K) 

i 

—y H-2 


->■ 

->■ 0 
0 

->■ 0 


with / as above. So we have 


#A\K)/fA(K ) = #A(K)[f] • #4( K)/fMK) ■ 


#H 2 


= #A{K)[f]-#A' l {K)/fA l {K)- 


#A\K)/A>fK) 

#a{k)/mk) 


Let us first compute #A[(K)/fAi(K). Fix isomorphisms of AfK) and A'fK) with O 9 . 
Let ha be the Haar measure on A m (K) which is induced by the product of the Haar measures 
on O which have the property that p(0) = 1 and p(p l ) = |tt*| for i > 0. Define ha' similarly. 
The isogeny f extends to a morphism of the Neron models which respects the maps from 
NA(0) to NA(0/p n ) and also these maps for A'. We have 


j dp a' = j dp, A — j |^(0) | l dp A ' = \f'{A)\ 1 j dp A '- 

A\(K) A,(K) Mi(K ) Mi(K) 

If H C G are subgroups of A' m (K) then [G : H] — /ia'(G)/ha'(H). Therefore 


#A'fK)/fMK) = \f( O)!" 1 . 


Now let us compute #A(K)/Ai(K) and also for A'. For all i > 1 the quantities 
#Ai(K)/Ai + i(K), ffA'jfK) / A' i+1 (K) and q 9 are the same. Since A and A! are isogenous, we 
also have ffA 0 (K)/Ai(K) equals #A' 0 (K)/A' 1 (K). Therefore the quotient of #A'(K)/Ai(K) 
by #A(K)/Ai(K) equals the quotient of #A'(K)/A' 0 (K) by ffA(K)/A 0 (K). I 
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If A and A' are elliptic curves E and E\ then one can use Tate’s algorithm to compute 
the orders of E'{K)/E' Q {K) and E(K)/E 0 (K). The quantity |0'(O )| _1 is simply the leading 
coeffient of the power series representation of qb. We can compute that using the following 
method. First write 0 explicitly as coordinate functions ( j>(x,y) = (x', if ) (see [29]). Then 
make the substitutions z = —x/y and z' = —x'/y' and start to write z' as a power series in 
z (see [27], chapter IV). 

For arbitrary abelian varieties, if the residue characteristic p does not divide the degree 
of the isogeny, then |0'(O)| is 1, since the neighborhoods of the 0-points are pro-/;-groups. 
This follows from the last equation in the above proof. If A has good reduction over K then 
A(K) = Aq(K) and also A'{K) = A' 0 (K). If A does not have good reduction over K then 
it is not always the case that the size of A(K)/Aq(K) is equal to the size of A'(K) / A' 0 (K). 
As an example, let E be the elliptic curve defined by the equation Y 2 = A ^ 3 — 189A + 1269 
over Q 31 and let 0 be the rational 3-isogeny gotten by dividing out by the 0-point and 
the points (3, ±27). The discriminant of E is = —2 4 • 3 12 • 31. This curve has split 
multiplicative reduction over Q 31 . Recall that the order of the group i7(Q 31 )/i7 0 (Q 31 ) is the 
same as the valuation of the discriminant for curves of split multiplicative reduction. So the 
order of the group A(Q 31 )/i7 0 (Q 31 ) is 1. The curve E' = E/E[cf>\ has Weierstrass equation 
Y 2 = A " 3 ± 143 LA — 12339. This curve has discriminant A E > — —2 4 • 3 12 • 31 s and also has 
split multiplicative reduction over Q 3i . Thus the order of the group F ,/ (Q 3 i)/F , q(Q 3 i) is 3. 

The size of the group A!(K) / (f>A{K) is much easier to compute if 0 is a multiplication 
by n map because then we can take A = A'. 

Proposition 3.9 If K is a finite extension of Q p and A has dimension g and if r = ord p (n) 
then #A(K)/nA{K) = • #A(K)[n]. 

PROOF: Let A m (K ) be isomorphic to O 9 . Then we have 



0 


A{K)[n] 

->■ 

Hi 




1 


0 


0 



->■ 

A m (K ) 

->■ 

A(K) 

->■ 

A(K)/A m (K ) 

->■ 

0 


0 [n] 


0 H 


0 [n] 




A m (K) 

->■ 

A(K) 

-> 

A{K)/A m {K) 

->■ 

0 


i 


0 


0 




A m (K)/nA m (K ) 

->■ 

A(K)/nA(K) 

-> 

h 2 

->• 

0 


It is clear that H\ and H -2 have the same size and that ffA m (K)/nA m (K ) = p9 r d i: Qp\_ jjl 

To close this section, let us discuss what happens for the completion of a number held at 
an infinite prime. 

Lemma 3.10 Let K be the completion of a number field at an infinite prime. Let 0 be 
a K -defined isogeny from A onto A', abelian varieties which are defined over K. Let 
L = K(A[(f)]) and H 1 (Gal(L/ K), A[(f>]) = 0. The group of unramified homomorphisms in 
Hom Ga i(L/ic)(Gal(L/L), A[0]) is trivial. If K = C then A'(K)/<fA(K) = 0. If K = R and 
the degree of 0 is odd, then A\K) / 'cf)A(K) =0. If K = R and there are points of A[0] that 
are not defined over R then A'(K) /cpA(K) = 0. Otherwise A'(K) / (pA(K ) has exponent 2 
and we have ffA'{K)/(f)A(K) < 2 9 . 
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PROOF: Since R and C have no non-trivial unramified extensions, the only homomorphism 
from Gal(L/L) to A[<fi\ which is unramified is the trivial homomorphism. If K = C then 
<f> maps onto A!(K ) so A'(K)/<f>A(K) = 0. Let K = R. If the degree of <f is odd, then 
A'(K)/(j)A(K ) embeds into R 1 (Gal(C/R), A[<p]) which is trivial since [C : R] is coprime to 
the order of A[(f>] (see [2], p. 105). If there are points of A[fi\ that are not defined over R 
then L = C and so R 1 (Gal(C/R), A[f>]) is trivial by assumption. 

The only other case is that K = R, the degree of is even and all of the points of A[<fi\ 
are defined over R. We would like to show that A'(R) has at most 2 9 components. Let CP 
denote the tangent space to A'(C) at the 0 -point of A'{C). Since A! is defined over R there 
is a 2 g-dimensional lattice A fixed by the action of Gal(C/R) with A!{ C) isomorphic to the 
quotient of C 9 by A (see [21]). We can look at this as an exact sequence of Gal(C/R)-modules 

0 -> A -)■ C 9 ->■ A'{C) -G 0 . 


By taking Gal(C/R)-invariants, we get the following exact sequence of groups, where R 9 
denotes the tangent space to A'(R) at its 0-element, 

0 A n R 9 -> R 9 A'(R) R' 1 (Gal(C/R), A) -»■ 0. 

Since i/ 1 (Gal(C/R), C 9 ) = 0 (see [25], p. 152), we get a 0 at the right end of that exact 
sequence. Let a generate Gal(C/R). We have 


H\ Gal(C/R),A) = 


ker(u + 1) : A —» A 
(a - 1)A 


Now the kernel of o + 1 on C 9 is a g -dimensional vector space over R so the kernel of er + 1 
on A is a lattice of dimension g. Since 2 annihilates the cohomology group (see [2], p. 105), 
the cohomology group has size at most 2 9 . The image of R 9 is connected, so A'(R) has at 
most 2 9 components. 

The isogeny <f> takes components onto components and so the size of the group 
A'(R)/0A(R) is at most 2 9 . The group A'(R)/0A(R) embeds into iL 1 (Gal(C/R), A[(f>]) 
which 2 annihilates, so A'(R)/0A(R) has exponent 2. 9 

If A and A' are elliptic curves E and E' 1 then we can compute the size of E'{K)/(j)E{K ) 
exactly. If K = Rwe can write down a Weierstrass equation of the form Y 2 = / where 
/ G R[X], The discriminant of the Weierstrass equation is 16 times the discriminant of /. 
If / has 3 real roots then these discriminants are positive. If / has 2 imaginary roots then 
these discriminants are negative. When the discriminant is positive we can write down a 
Weierstrass equation of the form Y 2 = (. X — a) (A" — b ) (A" — c) where a, b, c are real and 
a < b < c. 


Proposition 3.11 Let K be the completion of a number field at an infinite prime. Let E 
and E' be elliptic curves defined over K and let be a K-defined isogeny of E onto E'. 
Let L = K(E[cj)]) and R 1 (Ga 1(L/K), E[(j)]) = 0. The group E'(K)/f>E(K) is trivial unless 
K = R, the degree of is even, all of the points of E\<f>] are defined over K and we are in 
one of the following cases when the group will have order 2. 
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• The discriminant of E is negative. 

• The discriminant of E is positive and the 2-torsion point (a, 0) is contained in E[cf>\. 

PROOF: The only thing left to do after the proof of lemma 3.10 is show the size of the 

group E'(K)/(f)E(K) in the case that K = R, the degree of 0 is even and all of the points 
of E[(f)\ are defined over K . To ease notation we will say that K = R. 

Since E is defined over R, the group of points of E over the complex numbers is isomorphic 
to the complex numbers modulo a lattice generated by 1 and ai (when A E > 0) or 1/2 + ai 
(when A e < 0) where a is a positive real number (see [27], chapter VI). 


ai • • 


ai 




\ + ai 


\ + ai 


im 

cr — 1 
—> 


0 •-• 1 0 - 


• 1 


0 10 1 
E( R) ker(a + 1) 


E( R) 


ker(u + 1) 
= im(cr — 1) 


In the first case, E( R) is made up of two components with imaginary parts 0 and a/2 
in the given fundamental domain. In the second case, E{ R) is the subgroup of the given 
fundamental domain with imaginary part 0. We have the following exact sequence 


0 -)> £'(R)/0£(R) -> iJ 1 (R, E[(p]) -> H\R,E(C))[(j)\ 0. 


Let cr generate Gal(C/R) and let the discriminant of E be positive. On E( C), the kernel 
of the norm, cr + 1 , has two components, the set of points with real part 1/2 and the set 
of points with real part 0. The image of cr — 1 is just the set of points with real part 0. 
Thus the group H 1 ( R, E( C)) has order 2 and is generated by the component with real part 
1/2. To determine the order of i/ 1 (R, A(C))[0], we just need to check whether or not an 
element of the kernel of <f> is on the component with real part 1/2. The points in the kernel 
of 0 are all in E{ R) and the points of A(R) intersect the component with real part 1/2 only 
at 2-torsion points. Therefore if there is a 2-torsion point in E[(f>\ with real part 1/2, then 
all of i7 1 (R, E(Cf) is 0-torsion. By graphing E( R) we see that the 2-torsion point (c, 0) is 
on the component of A(R) that includes the identity and so maps to the point 1/2 in the 
fundamental domain. A quick computation with 2-isogenies (see [27], p. 74) shows that by 
dividing out E by the subgroup generated by the 2-torsion point (6,0), that the quotient 
curve has negative discriminant, and so the point (6,0) must map to the point (1 + ai)/2 . 
Therefore the point (a, 0) must map to the point ai/ 2. If all of E[ 2] is contained in E[<j>\ 
then the points (6,0) and (c, 0) are in E[(f] so the group i7 1 (R, i?(C))[0] has order 2. The 
group 77 1 (R, E[<f>\) = Hom(Gal(C/R), E[<f>]) will have order 4 so the group A'(R)/0i7(R) 
will have order 2. If E[ 2] is not contained in E[(f>\ then the group i7 1 (R, E[(f>]) will have order 
2. If the non-trivial 2-torsion point in E[(f)] is (a, 0) then the group i7 1 (R, A(C))[0] will be 
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trivial and have order 2 otherwise. Therefore the group E'(R,)/(f)E(R,) will have order 2 if 
(a, 0) is the 2-torsion point in E[(j)] and will be trivial otherwise. 

If the discriminant is negative, then we see that the kernel of a + 1 on E( C) is the same 
as the image of cr — 1; it is the subgroup of the fundamental domain with real part equal to 
1/2. Thus the group R 1 (R, A(C))[</>] is trivial. Since the discrimimant of E is negative, the 
group A(R)[2] has order 2 so the group R 1 (R, E[4>]) has order 2. Therefore E'(H)/(j)E(TV) 
has order 2. £5 


4 Global computations 

In this section we will bring together the local results from the previous section to prove a 
theorem giving upper bounds for the index of the global intersection in the Selrner group 
and in the group related to an ideal class group. Let A and A' be abelian varieties of the 
same dimension g, defined over K, an algebraic number field, and let 0 be a id-defined 
isogeny from A onto A'. Let L be the minimal field of definition of the points in A[<p] 
and assume that H l (G, A[(f>]) is trivial for all G C Gal(L/id). Let S^(K,A) be the <fi- 
Selrner group of A over K. Let C^(K, A) be the subgroup of unramified homomorphisms in 
Hom G (£/x)(Gal(L/L), A[(p]) and let I^(K,A) be the intersection of C^(K,A) and S^(K,A). 

Let p be a prime of K. Denote by S^(K P , A) the group A'(K P ) / <f>A(K p ). Let C^(K P , A) 
be the subgroup of unramified homomorphisms in Kom G ^LK p /Kp)(Gal(LK p /LK p ), A[4>]) and 
let I^(K P ,A) be the intersection of S^(K P ,A) and C^(K P , A). 

Fix p, a finite prime, and let m p be the exponent of the group A(K p )[(f>\. Denote by M p 
the intersection of the maximal unramified extension of K p and the unramified extension of 
LK P of degree m p . The extension M p /K p is unramified and so the group Gal(M p /A’ p ) is 
cyclic which we shall say is generated by r p . 

Let NA and NA! be the Neron models of A and A' over O, the ring of integers in K p . 
Define NA° to be the open subgroup scheme of NA whose generic fiber is isomorphic to A 
over K p and whose special fiber is the identity component of the closed fiber of NA. The 
group NA 0 {O) is isomorphic to a subgroup of A(K P ) which we shall denote by A 0 (K P ); 
define A' 0 similarly. If we compare at the 0-points of A and A ', then </> can be written as 
a g-tuple of power series in g variables. Let |0'(O)| be the normalized absolute value of the 
determinant of the Jacobian matrix of partials for </> evaluated at the 0-point. 

Theorem 4.1 Let R 1 (G, A[(j)]) = H 2 (G, A[(j)]) = 0 for all G C Gal (L/K). We have the 
following injections of groups 

S*(K,A)/I*(K,A) ^ X\S*(K r ,A)/I*(K rt A) 

P 

C*(K, A)/I*(K, A) I] CHK P , A)/I*(K „, A) 

P 

where p ranges over the primes of K. For each finite prime p of K that does not divide the 
conductor of A or the degree off), the groups S^(K P , A), I^(K p , A), A) and A{K p )[<f\ 

are isomorphic. 
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The group C^(K P ,A) is trivial if p is infinite, and isomorphic to A(K p )[(j)\ otherwise. 
The group /^(Ap, A) is trivial if p is infinite, and isomorphic to 

A(Mp)[4>] n (r p - 1 )A(M p ) 

(r p -l)(A(M p )[0]) 

otherwise. The group S^(K P ,A) is trivial if p is infinite unless p is a real prime, the degree 
of (j) is even, and the points in A[<j)] are defined over K p in which case the group has exponent 
2 mid has size at most 2 s . The group S^(K p ,A) has order 

|^(Q)r 1 • WM • #A'(K P )/A{>(K P ) 

#A(K P )/A 0 (K P ) 


when p is finite. 

PROOF: The injections are clear from the definitions of the groups involved. What happens 
at the infinite primes follows from lemma 3.10. Let p be a finite prime. From lemma 3.1 
we see that the group C^(K P ,A) is isomorphic to A(K p )[cf>]. Since iL 1 (G, A[fi\) = 0 for all 
G C Gal (L/K), the group I^(K P , A) is defined and is isomorphic to the intersection quotient 
from theorem 3.4. The order of the group S^(K P , A) comes from lemma 3.8. 

Let p be a finite prime that does not divide the conductor of A or the degree of fi. 
Since p does not divide the conductor we have A(M P ) = A 0 (M P ). So from lemma 3.6, all 
of the elements of A(M p )[(j)\ are in (r p — 1 )(A(M p )). Thus the group I^(K P ,A) has the 
same order as A(K p )[(f] and so is equal to C^(K P , A). We also have A(K P ) = A 0 (K P ) and 
A'(Kp) = A 0 (K P ). In addition, since p does not divide the degree of <f>, we have |0'(O)| = 1. 
Therefore, the order of S^(K p ,A) will be the same as the order of A(K p )[cj)]. So the image 
of S^{K P ,A) in Hom.G(LK p /K p ){Gal(LK p /LK P ), A[(f)]) is the same as C^(K P , A), which is 
isomorphic to A{K p )[<fi\. H 

For elliptic curves, all of the local groups are easy to compute. Lise theorem 3.4, lemma 3.6 
and theorem 3.7 to compute the order of the intersection quotient. Theorem 3.7 requires 
a minimal Weierstrass equation at the prime p which we may not have, but that does not 
matter. We can just replace our Weierstrass equation with a minimal one at p so as to be able 
to apply theorem 3.7 since the order of the intersection does not depend on the embedding. 
Use Tate’s algorithm to compute the orders of E'(K p ) / E' 0 (K p ) and E(K P )/E 0 (K P ). As noted 
after proving lemma 3.8, the quantity |0 / (O)| -1 can be computed easily using [29] and [27], 
chapter IV. In the infinite case use proposition 3.11 to compute the size of E'(K p )/(j)E(K p ). 
The group E(K p )[cf)] is trivial to compute also. 

5 The 2-map 

The 2-map has been the most studied because it is usually the easiest isogeny to work 
with that is always defined over the field of definition of an abelian variety. In addition, 
one does not have to work with two different abelian varieties. For these reasons, 2-Selmer 
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groups are frequently used when trying to compute the free Z-rank of a Mordell-Wcil group. 
Birch and Swinnerton-Dyer [3] created an algorithm for computing 2-Selmer groups for 
elliptic curves and this has been implemented as a computer program by John Cremona. 
Recently, algorithms have been introduced for computing 2-Selmer groups for the Jacobians 
of hyperelliptic curves that work in special cases. For hyperelliptic curves of genus 2 there 
are the algorithms of Flynn [8], and of Gordon and Grant [9], and for arbitrary genus see [23]. 
The algorithms of Flynn and of Gordon and Grant have also been implemented as computer 
programs. As mentioned in the introduction, the 2-map has been studied in connection with 
its relation to the 2-rank of the class group of cubic extensions of Q. We will see why in 
subsection 5.1 

In this section we first show how the group C 2 (K,A ) is related to the 2-parts of class 
groups when A is the Jacobian of an elliptic or a hyperelliptic curve. We then present some 
examples of computing the local intersection I 2 (K p , E ) for elliptic curves. Then we come up 
with simpler upper bounds for the sizes of S 2 (K, A)/1 2 (K, A) and C 2 (K, A)/1 2 (K, A). Lastly 
we do explicit computations for three examples of Jacobians of elliptic and hyperelliptic 
curves. 

5.1 The group C 2 (K,A) for the Jacobians of elliptic and hyperelliptic curves 

Let C be the projective elliptic or hyperelliptic curve defined over K, a number held, by 
the equation Y 2 = / where / is a separable polynomial of odd degree d > 3. Let J be the 
Jacobian of the normalization of C and let oo denote the point at infinity of the normalization 
of C. The genus of the curve C and the dimension of J are both (d — 1)/2. Let L = K(J[ 2]), 
and let G 2 be a 2-Sylow subgroup of Gal (L/K). We will see below that when H 1 (G 2 , J[ 2]) 
is trivial that we have 


H\K, J[ 2]) = Hom Gal(L/i ,)(Gal(L/L), J[2]). 


By abuse of notation we will denote the preimage in H l (K, J[2]) of C 2 (K,J) also by 

C 2 (K,J). 

Let F be the algebra defined by F — K[T]/f(T) and let F be K[T\/f(T). In [23] the 
author presented an isomorphism of H l (K, J[2]) and the kernel of the norm from F* / F* 2 to 
K*/K* 2 . Any subset with d — 1 elements of the set of (cq,0) — 00 , where /(cq) = 0, forms 
a basis for J[2]. Let w be the Weil-pairing of an element of J[2] with all d of the points 
(«j, 0) — 00 ; then w is a map from J[2] to yU 2 (F). The map w induces an injective map from 
H l {K, J[2]) to iL 1 (iF, / 12 (F)). The latter cohomology group is isomorphic to F*/F* 2 by a 
Kumnier map (see [25], p. 152). Composing the Kummer isomorphism and the Weil-pairing 
induces the desired isomorphism. 

Let us define unramified elements in the kernel of the norm from F*/F* 2 to K* / K* 2 . We 
can write F = F\ x ... x F r where each F, t is a held and we have 

f*/f* 2 ^ f*/f* 2 x ... x 


For an arbitrary number held W, let us define the unramihed elements of W* jW* 2 to be 
those which have the property that if one adjoins the square root of a representative to W, 


17 



one gets a totally unramified extension of W. We will say an element of F* / F* 2 is unramified 
if its image in each F* / F* 2 is unramified. The group C 2 (K, J) injects into the kernel of the 
norm from F*/F* 2 to K*/K* 2 . We will show that its image is the same as the subgroup of 
unramified elements. 

Lemma 5.1 Let f be a separable polynomial of odd degree d > 3, defined over K a field of 
characteristic 0. Let C be the curve defined by Y' 2 = /, and let J be the Jacobian of the 
normalization of C. Let L = K(J[ 2]) and G- 2 be a 2-Sylow subgroup of Gal(L / K). Then the 
following are equivalent. 

1. The group H 1 (G - 2 , J[ 2]) is trivial. 

2. The group J[ 2] is cohomologically trivial as a G 2 -module. 

3. The group J[ 2] is cohomologically trivial as a Gal(L/K)-module. 

4- Let W be the field fixed by G 2 . In kFjAT], the polynomial f is the product of one linear 
factor and (d — 1 )/ffG 2 irreducible factors, each of degree ffG 2 . 

5. Let a , for 1 < i < d be the roots of f. For i not equal to j, the degree of L over 
K(ai,aj) is odd. 

PROOF: From [2], theorem 6 , (1) is equivalent to (2) and from [2], proposition 8 , (2) is 

equivalent to (3). To prove that (4) implies (5) we note that (4) implies that if o e G 2 fixes 
two different ccds then a is the identity. Let i not equal j and let G = Gal(L/Jl (cq, ay))- 
Let H be a 2-Sylow subgroup in G. The group H can be extended to a 2-Sylow subgroup 
of Gal (L/K), which we will call G 2 . Elements of H are in G- 2 and fix two different ads so 
H is trivial. Thus the degree of L over K(a.i,af) is odd. To prove that (5) implies (4) we 
note that (5) implies that L is of odd degree over W(ai,aj) when i is not equal to j. So L 
equals W(ai,aj). Since the degree of / is odd, one of its roots must be in W and each of 
the rest generates L, which is (4). 

Now let us prove that (1) and (4) are equivalent. Let A" be the G 2 -set of roots of /. Let 
G 2 act trivally on F 2 and let be the G 2 -maps from X to F 2 . Recall that any subset of 
the set of (a*, 0) — oo with d — 1 elements forms a basis for J[2], It is easy to check that the 
kernel of the norm from F^ to F 2 is isomorphic as a <S' 2 -module to J[2], In addition, since d 
is odd, the composition of the diagonal embedding of F 2 in Ff with the norm is the identity 
map so the exact sequence 

0 -> J[ 2] -)■ Ff n 4T F 2 -> 0 
splits. Therefore the exact sequence 

0 -> H\G 2 , J[ 2]) -)■ H\G 2 , F 2 y ) -> H\G 2 , F 2 ) ->■ 0 

also splits. Because these groups are finite, condition (1) is equivalent to H 1 (G 2 , F~ Y ) = 
H 1 (G 2 , F 2 ). Now X is isomorphic as a G 2 -set to the disjoint union of its orbits and so to 
II G 2 /Hj for some set of subgroups Hj of G- 2 . Thus 

f 2 y = ®f?^ 

j 
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as GVmodules. So we have 

H\G 2 . F*) = H\G 2 , F° 2/Hi ) © ... © H\G 2 , F° 2/Hn ) 

for some n. Now from Shapiro’s lemma (see [2], proposition 2), condition (1) is equivalent 
to 

H\G 2 , F 2 ) =* H 1 ^, F 2 ) © ... © H\H n , F 2 ). 

Now X has odd cardinality and G 2 is a 2-Sylow subgroup, so there is an orbit of cardi¬ 
nality one. Without loss of generality we will let H\ — G 2 . So (1) is equivalent to all of the 
groups F 2 ) being trivial for j > 1. Since Hj acts trivially on F 2 we know that such 

cohomology groups are trivial only when Hj is trivial. So (1) is true if and only if X has 
one orbit with a single element and otherwise consists of orbits with the same cardinality as 
G 2 . In other words, / is the product of one linear factor and (d — 1 )/#C 2 irreducible factors 
each of degree ffG 2 , which is condition (4). H 

Condition (5) is always true for elliptic curves, and for curves of the form y 2 = x p + a 
where p is an odd prime. 

Lemma 5.2 Let W be a finite extension of K, fields of characteristic 0. The norm from 
W*/W* 2 to K* / K* 2 sends unramified elements to unramijied elements. 

PROOF: Let W\ be any finite extension of K, and let Hq, for i — 1 to s, be the s conjugates 
of W\ over K. Let oq G W i and let cq be the image of oq in each Wj. Let Wfiy/afi) be a 
totally unramified extension of ITj. We will abbreviate totally unramified with unramified. 
Then Wfiy/ai) is an unramified extension of W t for all i. Let E be the normal closure of 

Wi(y/aT) over K. We want to prove that K ( \JNw 1 /k ( ol \)) is an unramified extension of 
K. Let / C Gal (E/K) be an inertia group and pick a G I. We want to prove that cr 
fixes \JN Wl / K (cti) = y/ai ■ ... ■ a s . Pick an orbit of the set of aq’s under the action of the 
group generated by a and number them ctq,..., oq where cr(aj) = cq +1 with the subscripts 
computed modulo j. We have cr(y/ai) = iy'cq+i and if we compute these for i from 1 to j 
then the number of minus signs must be even. If it were odd, then o\^fa 7) = —yfaf and so 
od(aq) = aq and so cr J ' would be in Gal (E/Wi). Since W t (y/af) is an unramified extension of 
Wi we know that cP G / would also fix y/al, a contradiction. Thus there are an even number 
of minus signs and so cr fixes the square root of the product of the elements of each orbit 
and so a fixes y/a± ■ ... ■ a s . H 

If the element a of F has image (ai,...,a r ) in fl E, then N F / K (a) is the same as the 
product of the N F ./ K (a,i). We see that the norm from F* / F* 2 = f[ F* / F* 2 to K*/K* 2 takes 
unramified elements to unramified elements. 

Theorem 5.3 Let f be a separable polynomial of odd degree d > 3, defined over K, a number 
field. Let C be the curve defined by Y 2 = f, let J be the Jacobian of the normalization of C 
and let F = K[T]/f(T). Let L = K(J[ 2]) and G 2 be a 2-Sylow subgroup of Gal(L/K). If 
the group W 1 (G 2 , J[2]) is trivial then the group C 2 (K, J ) is isomorphic to the kernel of the 
norm from the unramified elements in F*/F* 2 to the unramified elements in K*/K* 2 . 
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Proof: From lemma 5.1, since H 1 (G 2l J[ 2 ]) is trivial, we know J[ 2 ] is cohomologically 

trivial as a Gal(A/A' )-module. So LA(Gal(A/A'), J[ 2]) is trivial for all i. From the extended 
inflation-restriction sequence (see [10], p. 30) we then have 

H\K, J[ 2]) = Hom Gal(W (Gal(A/A), J[ 2]). 

By abuse of notation we will denote the preimage in H l (K,J{ 2]) of C 2 (K,J) also by 
C 2 (K,J). Thus, C 2 (K,J) is the subgroup of H l (K, J[2]) consisting of classes of cocycles, 
which when restricted to Gal(A/A) factor through Gal (H(L)/L) where H(L) is the Hilbert 
class held of A. 

We have seen that the group H l (K, J[ 2]) is isomorphic to the kernel of the norm from 
F* Jr* 2 to K*/K* 2 . An element a of the kernel of the norm from F*/F* 2 to K* / K* 2 is in 
the image of C 2 (K , J ) exactly when its image (cp,..., a r ) in fl F* / F* 2 has the property that 
for each i, the held A( v dp) is unramihed over A with the iy’s properly embedded in A. That 

is, for each A-algebra homomorphism a from F to A, the held a{a)) is unramihed over 
A. An element a in the kernel of the norm from F* / F* 2 to K*/K* 2 is in the subgroup of 
unramihed elements exactly when for each A'-algebra homomorphism a from F to A, the 
held a(a)) is unramihed over cr(F). We are trying to show that these two subgroups 

of F*/F* 2 are the same. It is clear that the latter subgroup is contained in the former. 

Let us prove that the former subgroup is contained in the latter. Let a be an element 
of F* with N F / K (a) in K* 2 and with the property that for every A'-algebra homomorphism 

a from F to A that A(^/<r(a)) is unramihed over A. We have assumed condition (1) of 
lemma 5.1 and so we have condition (4). First we will assume that K = W, where W is the 
hxed held of G* 2 , a 2-Sylow subgroup of Gal (A/A'). Linder this assumption, the algebra F is 
isomorphic to the direct product of K and (d — 1)/# Gal(A/A') copies of A. Let the image 
of a in this direct product be (cp,..., a r ). We need to show that A'(ydp) is an unramihed 
extension of K and that A(y / a7) is an unramihed extension of A for each i > 1. The latter 
statement is part of the assumption. Now N F / K (a) is equal to a\N L / K {a 2 ) • ... • N L / K (a r ) 
and is in K* 2 . Thus cp is congruent to N L / K {a 2 ■... • a r ) modulo K* 2 . By hypothesis, A(y / a)’) 
for i > 1 is an unramihed extension of A. By lemma 5.2, the held A^ydp) must be an 
unramihed extension of K. So for every A'-algebra homomorphism a from A to A we have 

cr(F)(^ja(a)) is unramihed over u(F). 

Now we will no longer assume that K = W and reduce to that case. Assume a is in F* 
with N f /k(cl) in K* 2 and assume for every A'-algebra homomorphism a from F to A that 

A(^/u(a)) is unramihed over A. Let F 0k W be isomorphic to the product of helds II F t . 
We have J2[E t : F] = [W : K] which is odd so without loss of generality, let the degree of Ei 
over F be odd. There is some homomorphism 7 from W to A such that the homomorphism 
a ® 7 from F 0k W to A factors through Ei and we can denote the induced map from E { 
to its image by p. Now the map p from Ei to p(Ei) extends the map o from F to cr(F). 

(7 0 7 • F 0 K W —}• E\ —% p(Ei) C A 

U U 

F A a(F) 
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The degree of E\ over F is odd, so the degree of p{Ef) over cr(F) is odd. From above, 
since o ( 8)7 is a homomorphism from F ® K W to A, we know p(Ei)(^J p(a ® 1)) over p(E\) is 
unramified. The only elements of inertia groups we have to worry about are of 2-power order. 
Since the degree of p(E\) over cr(F ) is odd and p extends a, we know that a(E)(^a(a)) is 
unramified over cr(F) also. Therefore the subgroup of the kernel of the norm from F* /A * 2 
to K*/K * 2 of unramified elements is equal to the image of C 2 (K, J). Hi 

The group of unramified elements in F*/F * 2 is the product of the groups of unramified 
elements in each F*/F* 2 . If W is any field, such as K or an Fi, then the group of unramified 
elements in W*/W * 2 is isomorphic to the dual of C\(W)/C\(W ) 2 from Kummer theory and 
class field theory. 

5.2 The group I 2 (K p ,E) 

In this section we will see that for elliptic curves, the computation of J 2 (A P , E ) is essentially 
a matter of finding the action of Gal(K p /K p ) on E[ 2] and using Tate’s algorithm over K p 
to deduce the action of Gal(M p /A p ) on E(M P )/E 0 (M P ). This is facilitated by that fact 
that the possible groups E(M P )/E 0 (M P ) and the possible Galois actions on them are very 
limited. 

Let E be an elliptic curve defined over a number field K. Condition (5) of lemma 5.1 is 
satisfied for all elliptic curves so condition (3) holds. That says that H l {G, A [ 2 ]) = 0 for all 
groups G contained in S 3 , where S 3 is the automorphism group of E[ 2 ], So the conditions 
of theorems 4.1 and 3.4 hold. From theorem 3.4 and lemmas 3.1 and 3.6, the order of 
the local intersection, I 2 (K p ,E), is the same as the order of the local group of unramified 
liornomorphisms, C 2 (K p , E), if all of the points in E(M P )[ 2] have non-singular reduction, 
which will happen if the elliptic curve has good reduction at p. So the only cases where 
something interesting can happen occur when E has bad reduction at p. 

From theorem 3.4, in order to compute the size of the local intersection, we need to find 
out how many elements of E(M P )[ 2] are in (r — 1 )E(M P ) and divide that quantity by the 
size of (r — l)(A(M p )[2]). We know from lemma 3.6 that the elements of E(M p )[ 2] that are 
in (r — 1)E(M P ) are those with non-singular reduction and those with singular reduction 
which have the property that their image in E(M p )/E 0 (M p ) is in (r — 1 )(E(M p )/E 0 (M p )). 
From theorem 3.7 we find that the only times that a 2-torsion point with singular reduction 
could possibly be in the image of r — 1 are in the cases that E has type A reduction where 
4 | v or type /* reduction with u odd or even. As we will see, in each of these three cases, a 
2-torsion point with singular reduction, may or may not be in the group (r — 1 )E(M p ). In 
the other cases, either A(A'p nr )/A 0 (A"p nr ) has no 2 -torsion or a point with singular reduction 
generates the 2-part of E / Eq and can not be in the image of r — 1. Computations of the 
groups E(Q P )/E 0 (Q P ) were accomplished with Tate’s algorithm [28]. 

1. Examples of curves with type I u reduction with 4 | v and 2-torsion points of singular 
reduction in and not in the image of t — 1. The curves Y 2 = A" 3 — 26X 2 + 135A" — 567 
and Y 2 = X 3 + 26X 2 + 135A" + 567 have discriminant A = —2 4 • 3 4 • 23 2 • 239. Over 
Q 3 they each have type J„ reduction (multiplicative) with v — 4. Each have two 2- 
torsion points with singular reduction defined over Q 3 . They differ by a 2-torsion point 
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with non-singular reduction and so have the same image in E/Eq. For both curves, the 
group £(Q" nr )/£ 0 (Q“ ir ) is isomorphic to Z/4Z. The first curve has split multiplicative 
reduction over Q 3 and the second does not. Therefore the group E(Q 3 ) / E 0 (Q 3 ) is 
isomorphic to Z/4Z for the first curve and Z/2Z for the second. The image of the 
2 -torsion points with singular reduction is the element of order 2 in both groups. All 
of the 2-torsion is defined over Q 3 for these curves, so M 3 is the quadratic unramified 
extension of Q 3 . We have E(M 3 ) / E 0 (M 3 ) isomorphic to Z/4Z for both curves. The 
automorphism r acts trivially on each element of E(M 3 )/ Eq(M 3 ) for the first curve 
and as —1 for the second. The 2-torsion points with singular reduction are in the image 
of the map r — 1 for the second curve, but not the first. 

For both curves the size of E(M 3 )[ 2] is 4 and r acts trivially on each element so 
(r — 1)(A(M 3 )[2]) is trivial. For both curves the size of Eq(M 3 )[2] is 2 and from 
lemma 3.6, those 2 points are automatically in (r — 1 )(E(M 3 )). From above, the two 
2 -torsion points with singular reduction on the first curve are not in the image of r — 1 . 
Thus the size of (r — 1 )E(M 3 ) D E(M 3 )[ 2] is 2 and so the size of J 2 (Q 3 , E) is 2. The 
two 2 -torsion points with singular reduction on the second curve are in the image of 
r — 1. So (r — 1)E(M 3 ) ft E(M 3 )[ 2] and J 2 (Q 3 , E) each have size 4. 

2. Examples of curves with type I* reduction with v odd and 2-torsion points of singular 
reduction in and not in the image of r — 1. The curves F 2 = A " 3 — 23 2 AT + 23 s and 
F 2 = X 3 — 23 2 A" — 23 s have discriminant A = —2 4 -23'. Over Q 23 they each have 
type /* reduction with v — 1. For both curves, two 2-torsion points are defined over a 
quadratic ramified extension of Q 23 . Each curve has one 2-torsion point defined over 
Q 23 with singular reduction. So the held M 23 is the quadratic unramified extension of 
Q 23 . For the first curve, the groups A(Q 23 )/E 0 (Q 23 ) and E(M 23 ) / E 0 (M 23 ) are both 
isomorphic to Z/4Z. For the second curve, the group E(Q 23 )/E 0 (Q 23 ) is isomorphic to 
Z/2Z and E(M 23 )/E 0 (M 23 ) is isomorphic to Z/4Z. For both curves, (t — 1)(E(M 23 )[2]) 
is trivial and E(M 23 )[ 2] has order 2. The action of r on the groups E(M 23 )/E 0 (M 23 ) 
is identical to that in the last example. So (r — 1)E(M 23 ) D E{M 23 )[2] and / 2 (Q 23 , E) 
are trivial for the first curve and have order 2 for the second curve. 

3. Examples of curves with type I* reduction with v even and 2-torsion points of singular 
reduction in and not in the image of t — 1. The curve Y 2 = A" 3 + A" 2 + 4X + 12 has 
discriminant A = — 2 8 • 3 2 • 23. Over Q 2 it has type I* reduction with v = 0. All of 
the 2-torsion points are defined over Q 2 . So the held M 2 is the quadratic unramihed 
extension of Q 2 . The group (r — 1)(E(M 2 )[2]) is trivial. Two points in E(M 2 )[ 2] have 
non-singular reduction and so are in (r — 1 )E(A / I 2 ). Two of the 2-torsion points have 
singular reduction. They generate A(Q 2 )/A 0 (Q 2 ) where they have the same image; this 
group has two elements. The group A(Q 2 nr )/-E 0 (Q 2 nr ) is isomorphic to Z/2Z © Z/2Z. 
There are only 2 automorphisms of Z/2Z © Z/2Z fixing a given subgroup of order 2. 
So the group E(M 2 ) / E 0 (M 2 ) must be isomorphic to Z/2Z© Z/2Z. The image of r — 1 
on an element of E(M 2 )/Eq(M 2 ) not hxed by r is the image of the 2 singular points 
in E(M 2 )/Eq(M 2 ). Thus the two 2-torsion points with singular reduction are also in 
(r — 1 )E(M 2 ), so / 2 (Q 2 , E) has 4 elements. 
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The curve Y 2 = X 3 — 25 X has discriminant A = 2 6 • 5 6 . Over Q 5 it also has type 
I* reduction with u — 0 . All of the 2-torsion points are defined over Q 5 . This curve 
has three 2-torsion points with singular reduction. The group E(Q 5 )/E 0 (Q 5 ) is iso¬ 
morphic to Z/2Z © Z/2Z as it is generated by the 2-torsion points. Since the group 
A(Q 5 inr )/i? 0 (Q 5 nr ) has been realized over Q 5 it is impossible for these 2-torsion points 
to be in the image of r — 1. So the group J 2 (Q 5 , E) is trivial. 

The curve Y ' 2 = A " 3 — 75A + 125 has discriminant A = 2 4 • 3 4 • 5 6 . Over Q 5 it 
also has type I* reduction with v — 0. This curve has three 2-torsion points with 
singular reduction and they are all defined over L 5 , the cubic unramified extension of 
Q 5 . The group E(Q 5 ) / E 0 (Q 5 ) is trivial. The group E(L 5 )/ E 0 (L 5 ) is isomorphic to 
Z/2Z © Z/2Z and is generated by the 2-torsion points. The held M 5 is the sextic 
unramified extension of Q 5 . The automorphism r permutes the three 2 -torsion points 
with singular reduction. Though all of the 2-torsion points are in (r — 1)E(M 5 ), they 
are also in (r — 1)E(M 5 )[2] and so the group J 2 (Q 5 , E) is trivial. This should be clear 
anyway as the group A(Q 5 )[2] is trivial, so the group of unramified homomorphisms 
is also. 

5.3 The groups S 2 (K, A )/J 2 (K, A) and C 2 (K, A) / 1 2 (K, A) 

Let us return to arbitrary abelian varieties and derive more elegant upper bounds for the 
sizes of the quotients of the Selrner group and the group related to the class group by their 
intersection, for the 2-map. We can reformulate theorem 4.1 with the following divisibility 
conditions. 

Proposition 5.4 We have 

#SHK,A)HHK,A)\ nf£gg 

and 

#C*(K,AmK,A) infM 

where T is the set of primes of K consisting of the infinite primes and the primes that divide 
2 f, where f is the conductor of A. 

PROOF: The second divisibility statement follows immediately from theorem 4.1. Let us 
consider the group S 2 (K, A)/I 2 (K, A). The given divisibility statement differs from what 
appears in theorem 4.1 at the primes dividing 2 and the infinite primes since at all other 
primes we have |0 , (O)| = 1 as well as A = A'. Let us consider the order of the group 
A(K p )/2A(K p ) where p is a prime of K, i.e. S 2 (K P ,A). First assume that p is a prime 
dividing 2. From proposition 3.9, we have 

#A(Kp)/2A(K p ) = 2^-Qd • #A(K P )[2] 
where g is the dimension of A. 
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If Kp = C, then A(K p )/2A(K p ) is a trivial group. Let K p = R. We have the following 
commutative diagram from the snake lemma 


0 

->• 

ker 

->• 

A(R)[2] 

—>■ 

i7 1 (Gal(C/R), A) 

->■ 




1 


1 


1 



0 

->■ 

R 9 /A n (R 9 ) 

->■ 

A( R) 


^ 1 (Gal(C/R), A) 


0 



i [ 2 ] 


m 


i [ 2 ] 



0 

—>■ 

R 9 /A n (R 9 ) 

->■ 

A( R) 


fl' 1 (Gal(C/R),A) 

->• 

0 



1 


1 


1 





0 


A(R)/2A(R) 


^ 1 (Gal(C/R), A) 


0. 


The center two short exact sequences appeared in the proof of lemma 3.10. The size of the 
kernel of the 2-map from R 9 /A D (R 9 ) to itself is 2 9 . We see that the size of A(R)/2A(R) 
equals #A(R)[2]/2 9 . Notice that if K p is isomorphic to C or to R that we have 

#A(K p )/2A(K p ) = #A(K P )[ 2]/2^ :R l. 

So the contribution from the infinite primes and the primes dividing 2 is the following 


#A(K P )[2] 2 9 ^] . #A(K P )[2] 

P ii 23[AVR1 'll mK P ,A) “ 


291K-QA 

29i K -Q] 


• n#^)[2]-n 

p|oo p|2 


#A(K r m 

#P(K p ,A) 


TT jWjM 
1,1 #P(K„,A) 


since I 2 (K P ,A) is trivial for all infinite primes from lemma 3.10. 


5.4 Examples 

Example I: A cubic field whose class group has 2-rank at least 13 

Mestre [16] has produced an elliptic curve E of rank at least 14 over Q. A Weierstrass 
equation for the curve E is given by 

Y 2 + 3575736311' = X 3 + 2597055X 2 - 549082X - 19608054. 

The discriminant is odd, square-free and negative. The primes of bad reduction are those that 
divide the conductor of E which are exactly the ones that divide the discriminant. There are 
no non-trivial 2-torsion points defined over Q. Let us determine whether L = Q(E[2]) is an 
A 3 - or an ^-extension of Q. Choose another Weierstrass equation for E of the form Y 2 = g 
where g G Z[X]; the polynomial g will be irreducible. The quotient of the discriminants 
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of the two Weierstrass equations will be a square. The discriminant of the second will be 
16 times the discriminant of the cubic polynomial g. If g{ot) = 0, then ( a , 0) is a 2-torsion 
point. The held F = Q(a) is a cubic extension of Q whose discriminant differs by a square 
from the discriminant of g. Thus the discriminant of the held F is not a square, so L is an 
S' 3 -extension of Q and F is a non-Galois cubic extension of Q. 

Let p be an odd prime of bad reduction. The elliptic curve has type I u reduction (mul¬ 
tiplicative) at p with v — 1. So EiQ"™') /_E 0 (Q]] nr ) is trivial and the 2-torsion points defined 
over unramihed extensions of Q p are in E 0 . From lemma 3.6, all points of E(M P )[ 2] are in 
(t — 1)(E(M p )). From theorem 3.4, the group J 2 (Q p , E) has the same size as E( Q p )[2], From 
lemma 3.1 and proposition 3.9, the groups C 2 (Q P , E) and S 2 ( Q p , E) also have the same size 
as E{ Qp)[2] (which is 2). So C 2 (Q P ,E) and S 2 (Q P ,E ) are equal. 

At the prime 2 , the curve has supersingular good reduction and the reduced curve has 5 
points over F 2 . In fact the group £’(Q 2 )[2] is trivial and so the group of unramihed homo- 
morphisms at the prime 2, namely C 2 (Q 2 , E), is trivial and E(Q 2 )/2E(Q 2 ), or S 2 (Q 2 ,E),. 
has 2 elements. Since the discriminant is negative, we have = R(£’[2]) = C so from 
proposition 3.11 the group i?(R)/2£’(R) is trivial. So the three local groups are all trivial 
for the infinite prime. Thus for all primes but 2, all three local groups are the same. For the 
prime 2, the group C 2 (Q 2 ,E) is contained in the group S 2 (Q- 2 ,E ) with index 2. Therefore, 
the group of globally unramihed homomorphisms, C 2 (Q,E), is contained in the 2-Selmer 
group, S 2 (Q,E), with index at most 2. To show it has index 2, we need to find an element 
of the Selmer group that restricts to the image of the non-trivial element of E(Q 2 )/2E(Q 2 ) 
in iL 1 (Q 2 , E[2]). There is a rational point with X-coordinate —2561042. When multiplied 
by 5, one gets a point in the kernel of reduction. The valuation of the X-coordinate of this 
second point at the prime 2 is —2 so it is in Fd(Q 2 ) but not in E 2 ( Q 2 ). The group X 2 (Q 2 ) 
is isomorphic to the additive group of the ring of integers in Q 2 and Ei (Q 2 )/£ 2 (Q 2 ) has 
2 elements (see [27], chapter IV: proposition 3.2 and theorem 6.4). Therefore this point 
cannot be in 2E(Q- 2 ). This point maps to a homomorphism ramified at 2. So we know that 
C 2 (Q, E) has rank at least 13. From theorem 5.3, since C1(Q) is trivial, the group C 2 (Q, E) 
is isomorphic to the dual of C1(F)/C1(F) 2 . So using the generators that Mestre produced, 
we can show that the class group of F has 2-rank at least 13, but we cannot show it is any 
greater than that. 

Example II: A curve of genus 2 whose Jacobian has rank 6 or 1 over Q. 

Let C be the hyperclliptic curve defined over Q by the equation Y 2 = / where / = 
X 5 + 16X 4 — 274A" 3 + 817X 2 + 178X + 1. Let J be the Jacobian of the normalization of 
C. Let {cq} be the the set of roots of /. A basis for J[ 2 ] is the set of points (cq, 0) — 00 for 
% — 1 to 4. The point ( 0 : 5 , 0) — 00 is the sum of the other 4. The 2-torsion points are all 
defined over the splitting held of / which is the simplest quintic held L with discriminant 
941 4 (see [24]). Simplest quintic helds are Galois over Q. The polynomial / has discriminant 
941 4 191 2 . The primes we have to worry about are 00 , 2,191, and 941. We would like to show 
that J(Q) has rank 6 or 7. 

We have L = F = Q [T]/f(T) in the notation of subsection 5.1. The group H 1 ( Q, J[2]) is 
isomorphic to the kernel of the norm from L* / L* 2 to Q*/Q* 2 . If we compose this isomorphism 
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with the coboundary embedding from J(Q)/2J(Q) to i7 1 (Q, J[2]) we get a map which is 
identical to the map A" — T which is defined as follows (see [23]). Pick a degree 0 divisor 
D = J2 rtiRi of C defined over Q whose support does not contain any point of C with Y = 0 
or the point oo. Define 

(X-T)(D) = ]J(X(R l )-T) n \ 

One can show that the image of a point (x, y) — oo where y ^ 0 is x — T by finding the 
image of an equivalent divisor whose support does not contain oo. Let L p = Q p [T\/f(T). 
We similarly have embeddings of J(Q P )/2J(Q P ) into L*/L* 2 by the map X — T. If the prime 
p of Q splits in L then L p is isomorphic to the product of 5 copies of Q p and the 2-torsion 
is rational over Q p . Then we have 

L p = Q p [T\/f(T) = Q p x ... x Q p by T H- (oq, ...,a 5 ). 

Again by finding the image of an equivalent divisor one can show that the point (a*, 0) — oo 
maps to cq — cnj at the jth component of (Q*/Q* 2 ) 5 for j ^ i and to the product of the other 
4 entries at the ith component. 

The 2-rank of the class group of L is 4 (see [24]). Since condition (5) of lemma 5.1 is 
satisfied, the groups H\G,J[ 2]) are trivial for all i and for all G contained in Gal(L/Q). 
Therefore the group H 1 ( Q, J[2]) is isomorphic to both Hom Ga i(L/Q)(Gal(L/L), J[2]) and to 
the kernel of the norm from L*/L* 2 to Q*/Q* 2 . Thus, from theorem 5.3, the group C 2 (Q, J ) 
is isomorphic to the group of unramified elements in the kernel of the norm from L*/L* 2 to 
Q7Q* 2 Since Q has a trivial class group, we know C 2 (Q, J ) is isomorphic to exactly one 
copy of the dual of C1(L)/C1(L) 2 . Therefore C 2 (Q, J ) has rank 4. The roots of / are all real, 
one is in the interval (-27,-28), two are in (—1,0), one in (5,6) and one in (6,7). Since 
there are 3 negative roots and 2 positive roots and they are units, the narrow and wide class 
numbers of L are the same. 

The points (-17, ±1223), (-9, ±557), (-6, ±317), (-2, ±73), (0, ±1) and (4, ±37) are 
all in C(Q). In this example, the notation (n) will refer to the divisor (n, yJf{n )) — oo and 

its image in J(N)/2J(N) over the appropriate field N. Let us compute the local groups 
for the four interesting primes. We know from the proof of proposition 5.4 that the size 
of J(R)/2J(R) is the same as #J(R)[2]/2 2 which is 4. If we map (—2) into (L^/L^) 5 , 
which is isomorphic to (R*/R* 2 ) 5 , we get (1, —1, —1, —1, —1) and if we map (0) we get 
(1,1,1, —1, —1). So (—2) and (0) generate J(R)/2J(R). Now the prime 2 is inert in L and 
so J(Q 2 )[2] is trivial. Thus the group C 2 (Q 2 , J) is trivial and from proposition 3.9, the 
group S 2 ( Q 2 , J ) has rank 2. The prime 941 ramifies totally in L and so J(Q 9 4i)[2] is trivial 
as are the groups 5 ,2 (Q 94 i, J ) and C 2 (Q 9 4 i, J) (and so this prime can be ignored). 

We have 

Y 2 = f = (X -a i)... (X - a 5 ) = (X - 5)(X - 6)(X - 37)(X - 159) 2 (mod 191). 

So the prime 191 splits in L and so C 2 (Qi 9 i, J ) and S' 2 (Qi 9 i, J) each have rank 4. In the 
following table we present a list of some rational points of J(Qi 9 i) and their images in 
Lp 9 i/Lp 9 i where 7r is a prime element and —1 is a quadratic non-residue modulo 191. Along 
the top is written x — a* to remind us how to compute the ith component. 
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a; — 5 a: — 6 x — 37 x — oq x — a 5 


(«l) 

1 

-1 

-1 

-1 

-1 

M 

1 

1 

1 

-1 

-1 

(«s) 

1 

-1 

-1 

1 

1 

(aq) 

1 

1 

-1 

7 r 

—7T 

(“ 5 ) 

1 

1 

-1 

7T 

—7T 

-17) 

1 

-1 

-1 

1 

1 

(-9) 

1 

-1 

-1 

1 

1 

(-6) 

1 

-1 

-1 

1 

1 

(-2) 

1 

-1 

-1 

1 

1 

(0) 

-1 

-1 

1 

1 

1 

(4) 

-1 

-1 

1 

1 

1 


We see that (oq), (aq), (—2) and (0) form a basis for J(Qigi)/2J(Qi 9 i) and that 
/ 2 (Qi 9 i, J) has rank 3. So our first estimates from theorem 4.1 show that U 2 (Q, J)// 2 (Q, J) 
has rank at most 1, from the prime 191, and S 2 ( Q, J)// 2 (Q, J) has rank at most 5, which is 
2 from the infinite prime, 2 from the prime 2 and 1 from the prime 191. Using the fact that 
the narrow and wide class numbers are the same, we see that we cannot have a quadratic 
extension of L which is ramified only at oo therefore S 2 ( Q, J)// 2 (Q, J) has rank at most 3. 
Since C* 2 (Q, J ) has rank 4, we see from theorem 4.1 that the rank of S 2 (Q, J) is between 3 
and 7. 

At this point we will show that (—17), (—9), (—6), (—2), (0) and (4) are all independent 
points of infinite order in J(Q). The prime 37 splits in L and we have 

Y 2 = f= (X - 4)(X - 8)(X - 12) (X - 16) (X - 18) (mod 37). 

The following shows the images of the given rational points in L^/Lg 2 ; where 2 is a quadratic 
non-residue of 37. 


x — 4 x — 8 

(-17) 1 1 

(-9) 2 2 

(- 6 ) 1 2 

( 0 ) 1 2 

(- 2 ) 2 1 

(4) 1 1 


x — 12 x — 16 x — 18 

2 12 

111 
2 2 2 

112 
112 
2 12 


Since none of the images of these points is trivial, none of them is a torsion point. Notice that 
(—17), (—9), (—6), (0) are all independent, and so are independent points of J(Q) of infinite 
order. We have the relations (—2) = (—9) + (—6) and (4) = (—17) in J(Q37)/2J(Q 37 ). 

The prime 73 also splits in L and we have 

l" 2 = / = (X + 26 )(X + 19 )(X + 2)(X - 13 )(X - 18) (mod 73). 


27 



The following shows the images of the given rational points in L 73 /L 7 I; where 5 is a quadratic 
non-residue of 73. 


x + 26 x + 19 rr + 2 x — 13 x — 18 
(-17) 115 5 1 

(-9) 5 5 5 5 1 

(-6) 5 5 111 

(0) 5 115 1 

(-2) 1 5 5 5 5 

(4) 5 111 5 

We see that (—2) is independent of (—17), (—9), (—6), (0). Now if there is a dependence rela¬ 
tion of (4) on the others in J(Q)/2J(Q) then the same relation holds in any J(Q P )/2J(Q P ). 
Over Q 37 the only relations involving (4) are (4) = (—17) and (4) = (—17) + (—2) + 
(—9) + (— 6 ). Over Q 73 the only relations involving (4) are (4) = (—9) + (—2) and (4) = 
(—17) + (—6) + (— 2 ). Since there is no intersection in relations locally, there is no relation 
globally. So the 6 points are independent and J(Q) has rank at least 6. If we could show that 
C 2 (Q, J)// 2 (Q, J ) had rank 1 , then we would know that J(Q) has rank exactly 6 , but this is 
not the case. In fact C 2 (Q, J ) = / 2 (Q, J). It is a straightforward computation to show that 
the images of the four independent points (—2) + (—6), (—2) + (—9), (—2) + (—17), (0) + (4) 
are unramified at all primes. So C 2 (Q, J) is contained in £ 2 (Q, J ) which has rank 6 or 7, as 
does the Mordcll-Weil group of J over Q. 

Example III: C 2 (K, A) is not always contained in S 2 (K } A) 

In the examples that have been worked out in the literature like the ones above, the 
group of unramified homomorphisms is always contained in the Selrner group; see [7, 20, 30] 
and [27], p. 321, 10.9(e). This is not always the case, however. Let L be a cyclic cubic 
extension of Q with class number 4; such fields exist, like the one with conductor 163. Now 
C 2 (Q,E) is HomGai(L/Q)(Gal(if(L)/L), E[2]) where H{L) is the Hilbert class field of L. 
Since i7 2 (Gal(L/Q), E[2]) = 0, there is only one possible Galois group Gal(iL(L)/Q). Since 
A 4 contains V 4 as a subgroup and the quotient acts on V 4 as Gal(L/Q) acts on E[ 2], we 
know that A 4 must be that group. Let r be a prime of H(L) whose restriction to Q is p, an 
odd prime, and assume that r is an unramified extension of p with a decomposition group 
of order two. By Tchebotarov’s density theorem, there are infinitely many such primes. 
Choose a polynomial / G Z[X] whose roots generate L and assume p does not divide the 
discriminant of /. Let the following be the factorization of /: 

/= (X- ai )(X-a 2 )(X-a 3 ) 

and define g in the following way: 

g = (X -pcxi)(X -pa 2 )(X -pa 3 ). 

Let E be the elliptic curve defined by the equation Y 2 = g. The points T % = (pcq, 0) are 
the non-trivial 2-torsion points. There are four Gal(L/Q)-invariant homomorphisms from 

28 



Gal (H(L)/L) to E[ 2]; these are the four elements of C 2 (Q,E). They restrict onto the four 
unramified homomorphisms in Hom(Gal(Q p /Q p ), E[2]). The 2-torsion points are represen¬ 
tatives for E(Q p )/2E(Qp). These points are mapped to the homomorphisms that send an 
element t/j € Gal(Q p /Q p ) to — ^T t where \Ti is a 4-torsion point. The coordinates of 
the 4-torsion points lying over the point (pay, 0) are 

(pa i ± p \](an - a 2 )(ai - a 3 ), ±P\J («i - a 2 )(ai - a 3 )(y / p(ai - a 2 ) ± ^(ap - a 3 )) 

where the first and third ± must agree. From the Y -coordinates, it is clear that the 4-torsion 
points are defined over a ramified extension of Q p . By symmetry, all three non-trivial 2- 
torsion points will map to ramified homomorphisms. So the sizes of S 2 ( Q p , E) and C 2 ( Q p , E) 
are each 4 and they have trivial intersection. One could also show this by noticing that E 
has type Iq reduction over Q p with E(Q P )/2E(Q P ) = Z/2Z x Z/2Z and using theorem 3.7. 
Since the group C 2 (Q,E) maps onto the group C 2 (Q P , E), which has trivial intersection 
with the group S 2 (Q P ,E), the group C 2 (Q,E) cannot be contained in the 2-Selmer group. 


29 



References 


[1] M. Artin, Neron models, in: G. Cornell, J.H. Silverman (eds.), Arithmetic geometry, 
Springer-Verlag, New York, 1986, 213-230. 

[2] M.F. Atiyah, C.T.C. Wall , Cohomology of groups, in: J.W.S. Cassels, A. Frohlich (eds), 
Algebraic number theory, Academic Press, London, 1967, 94-115. 

[3] B.J. Birch, H.P.F. Swinnerton-Dyer, Notes on elliptic curves I, J. Reine Angew. Math. 
212 1963, 7-25. 

[4] A. Brumer, K. Kramer , The rank of elliptic curves, Duke Math. J. 44 1977, 715-743. 

[5] H. Cohn , A device for generating fields of even class number, Proc. Amer. Math. Soc. 
7 1956, 595-598. 

[6] G. Cornell, J. Silverman (eds), Arithmetic geometry, Springer-Verlag, New York, 1986. 

[7] H. Eisenbeis, G. Frey, B. Ommerborn, Computation of the 2-rank of pure cubic fields, 
Math. Comp. 32 1978, 559-569. 

[8] E. V. Flynn, Descent via isogeny in dimension 2, preprint. 

[9] D. Gordon, D. Grant, Computing the Mordcll-Weil rank of Jacobians of curves of genus 
two, to appear in Trans. AMS. 

[10] FI. Koch, Galoissche Theorie der p-Erweiterungen, VEB Deutscher Verlag der Wis- 
senschaften, Berlin, 1970. 

[11] K. Kodaira, On compact analytic surfaces II, Ann. of Math. 77 1963, 563-626. 

[12] S. Lang, Abelian varieties, Interscience, New York, 1959. 

[13] A. Mattuck, Abelian varieties over p-adic ground fields, Ann. of Math. 62 1955, 92-119. 

[14] W.G. McCallum, The arithmetic of Fermat curves, Math. Ann. 294 1992, 503-511. 

[15] J.F. Mestre, Courbes elliptiques et groupes de classes d’ideaux de certains corps quadra- 
tiques, J. Reine Angew. Math. 343 1983, 23-35. 

[16] J.F. Mestre, Formules explicites et minorations de conducteurs, Compositio Math. 58 
1986, 209-232. 

[17] J.S. Milne, Arithmetic duality theorems, Academic Press, Inc., Orlando, Florida, 1986. 

[18] D. Mumford, Abelian varieties, Oxford LIniversity Press, Oxford, 1970. 

[19] A. Neron, Modeles minimaux des varietes abelicnnes sur les corps locaux et globaux, 
Publ. Math. Inst. Hautes Etudes Sci. 21 1964, 361-482. 


30 



[20] J. Quer, Corps quadratiques de 3-rang 6 et courbes elliptiques de rang 12, C. R. Acad. 
Sci. Paris Ser. I Math. 305 1987, 215-218. 

[21] M. Rosen, Abelian Varieties over C, in: G. Cornell, J.H. Silverman (eds.), Arithmetic 
geometry, Springer-Verlag, New York, 1986, 9-27. 

[22] P. Satge, Gronpes de Selmer et corps cubiques, J. Number Theory 23 1986, 294-317. 

[23] E. Schaefer , 2-descent on the Jacobians of hyperclliptic curves, to appear in J. Number 
Theory. 

[24] R. Schoof, L. Washington, Quintic polynomials and real cyclotomic fields, Math. Comp. 
50 1988, 543-556. 

[25] J.P.Serre, Local Fields, Springer-Verlag, New York, 1979. 

[26] D. Shanks, The simplest cubic fields, Math. Comp. 28 1974, 1137-1152. 

[27] J.H. Silverman, The arithmetic of elliptic curves, Springer-Verlag, New York, 1986. 

[28] J. Tate, Algorithm for determining the type of a singular fiber in an elliptic pencil, in: 
Modular functions of one variable IV, Lecture Notes in Math. 476, Springer-Verlag, 
Berlin, 1975, 33-52. 

[29] J. Velu, Isogenies entre courbes elliptiques, C. R. Acad. Sci. Paris Ser. A 273 1971, 
238-241. 

[30] L.C. Washington, Class numbers of the simplest cubic fields, Math. Comp. 48 1987, 
371-384. 


31 



Edward F. Schaefer 
Santa Clara University 
Department of Mathematics 
Santa Clara, CA 95053 
U.S.A. 

eschaefer@scnacc.scn.edn 


32 



